A photon gas-semi-contained by a neutral plasma through Compton scattering-comprises a rather peculiar MHD fluid where the magnetic field is truly frozen only to the co-moving volume associated with the mass density but for which pressure perturbations do not behave adiabatically. Using a Lagrangian displacement vector field formalism, we find analytical expressions for the magnetorotational modes of fastest growth in a background toroidal field embedded in a gaseous accretion disk with arbitrary adiabatic index. This result and the above remark are then utilized to assess the impact of radiative heat conduction on the development of the MRI. For exponentially growing, non-propagating modes, the energy equation is shown to behave mathematically in "quasi-adiabatic" fashion: A real, slow-varying function of the properly normalized scales of the perturbations,Γ(ik 2 /ω), can be used in lieu of the adiabatic index to account for loss of radiative pressure support out of compressive modes. When gas pressure is negligible, the fastest growth rate is diminished by a factor (1 + 2Θ/Γ) −1/2 where Θ = p B /p rad . For Keplerian rotation and in the weak field limit:Γ Θ→0 −→ 1 2 .
Preliminaries
Understanding the magnetorotational instability-a linear MHD instability that occurs under rather general circumstances in differentially sheared, rotating, fluid disks-is key to the development of self-consistent models of accretion. Indeed, as a physical process the MRI justifies two sine qua non ingredients of accretion disk theory: entropy generation from the differential shear flow, and turbulent angular momentum transport. Clearly, discerning the specific nature of the turbulence initiated by the MRI in a few relevant astrophysical regimes is paramount in uncovering how accretion disks operate.
In the specific context of accretion onto compact objects, radiation stress often dominates the dynamics but its effect on the development of MHD processes is poorly understood. Agol & Krolik (1998) found compressive radiation-MHD modes to be strongly suppressed by the loss of pressure support in a range of wavenumbers satisfying c ph /c <k −1 < 1. Herek ≡ ℓ mfp k is the wavenumber normalized to the photon mean free path and c ph is the phase speed of compressive disturbances in the single fluid view (with c r ≡ 4 3 p rad /̺, c 2 ph = 3{3c 2 r + c 2 g + v 2 Alf } at the threshold between diffusive and optically thin regime; where c g and v Alf are the sound speed of the material gas and the Alfvén speed). This analysis is applicable to accretion disks at large wavenumbers where the effect of inertial forces and stratification are expected to be of little consequence. For the MRI both inertial and stratification effects play fundamental roles in dictating the dynamics and the polarization of the modes.
More recently, Blaes & Socrates (2001) have reported on a radiation-MHD dispersion relation that comprises the MRI under rather general circumstances. Our analysis is different from theirs in several respects but mainly in the consideration of a purely toroidal field where radiation damping has its biggest impact. This regime affords a lowering of the rank in the dispersion relation to second order (in ω 2 ) which, in turn, enables a relatively straightforward analytical solution (in sharp contrast with Blaes and Socrates' more complex relation). We also employ a Lagrangian displacement vector field formalism that makes manifest the connection between the polarization and the compressibility of the modes (Foglizzo & Tagger 1995) .
A point of controversy for non-axisymmetric modes concerns the relevance of these analyses when the magnetic field is not purely toroidal. Balbus & Hawley (1998) argue that the strict ordering of wavenumber components (and narrow phase space) necessitated to achieve fastest growth: k ϕ ≪ k r ≪ k θ , ensue in violent poloidal Alfvénic couplings that promptly take over the dynamics. Non-axisymmetric modes, however, are crucially important for at least two reasons: a-the ordering is not so restrictive when the fields are not weak (as needed to explain α values of a few tenths), and b-compressive, toroidal modes are fundamental to examine energy deposition when radiation stress becomes significant.
Another issue is the non-locality induced by shear on wave modes with Eulerian coordinate phase-dependencies. For k ϕ = 0 modes, shear evolves the radial component of wavenumbers according to k r (t) = k 0r − [d ln r Ω] k ϕ t, which means that modes that could be "unstable" are only so transiently. The maximum instantaneous growth rate occurs when k r → 0 and matches that of the local axisymmetric modes. In this paper, we take a semi-local approach by computing instantaneous (co-moving) growth rates in the limit k r → 0 and referring to them as the fastest growing modes, on the implicit understanding of their transient nature. Note that in terms of a local, co-moving observer, azimuthal wavenumbers are no longer discrete (Ogilvie & Pringle 1996) and consequently, neither are the co-moving frequencies.
Photon Viscosity vs Diffusion
Aside from relativistic and radial boundary corrections, the half optical depth to Thomson scattering of a standard radiation-pressure-dominated α-disk is related to the scale height, H, and rotation rate, Ω, by τ disk = −c/(2αÂΩH), where Oort's A 'constant' is normalizedÂ = 1 2 d ln r ln Ω (∝ −3/4 for a Keplerian flow). This relation is explicitly sensitive only to the local nature of the cooling, but is implicitly subject to a suitable vertical gradient of heat deposition (see, e.g., Krolik 1999 ).
On the other hand, the lengthscale of eddies pumped by the MRI near the outer scale 1 is l eddy = k −1 MRI ≃ v Alf /Ω and the effective diffusion speed of photons undergoing an isotropic random walk is c/τ eddy . Thus, for magnetic angular momentum transport such that α ≃ (v Alf /c H ) 2 , the diffusion time of photons through large scale MRI eddies, t diff ∼ Ω −1 , turns out to be similar to the timescale for fastest MRI modes to develop t MRI ≃ −A −1 Oort . Moreover, the optical depth through these eddies is
where c 2 H ≡ p tot /̺ = H Ω accounts for pressure support by field, gas and radiation. Since compton drag goes as f drag ∝k 2 δβ andk 2 ≃ O(α c 2 H /c 2 ), these estimates indicate that the effect of photon viscosity is negligible for the optically thick eddies of a standard disk (when the field is not too weak). Thus, although at first sight one may foresee the need to account for both photon viscosity and photon diffusion, only the latter will generally have an impact at relevant MRI scales.
A Lagrangian formulation of the MRI in soft media
Consistent with a semi-local approach, the global disk structure is completely ignored thereby discarding field curvature and radial gradients. In addition, a simple meridional stratification profile 2 , sets the physical scalelength of the problem: d z ln ρ = 1/H, with gas, radiation and magnetic pressures tracking the unperturbed density profile.
The switch of dynamical variables from the Euler velocity perturbation, v ≡ δV to the Lagrangian displacement, ξ, is achieved by utilizing the first order relation between Lagrangian and Eulerian variations (see, e.g., Chandrasekhar & Lebovitz 1964, Lynden-Bell & Ostriker 1967),
The algebraic relation follows from the assumption of differential rotation and from writing exp i(ωt + mϕ + k z z) dependencies for ξ. Note that σ .
= ω + mΩ denotes the co-moving frequency of the perturbations.
These geometrical equations have their more traditional equivalents in the so-called shearing sheet approximation where a co-moving, "locally Cartesian frame" (r,φ,ẑ) → (x, y, z), is used along with the linearized shear velocity field, V(x) = [d ln r Ω] x1 y , to treat the problem locally while introducing the coriolis terms by hand. (The reader is invited to examine a companion paper (Araya-Góchez 2002) where the inertial terms are induced in a geometrical way as a prelude to a fully covariant formulation.)
The linearized equations of motion for the displacement vector correspond to the Hill equations (Chandrasekhar 1961, Balbus & Hawley 1992)
where each over-dot stands for a Lagrangian time derivative and f, for the sum of body forces.
The Lagrangian perturbation of mass density and the Eulerian perturbation of the field follow straightforwardly from Eq [2] , and from mass and magnetic flux conservations (under standard, ideal MHD conditions)
Using the latter relation and assuming a negligible gradient of the background magnetic field, ∂B ≃ ∅ , the Lorentz force in the comoving frame is readily written down
Here, the scalar operator ∇B ≡ 1B · ∇, and 1B is a unit vector in the direction of the unperturbed field. Note that the term (k i ξ i − kBξB) . = k ⊥ ξ ⊥ may be interpreted as a restoring force due to the compression of field lines (Foglizzo & Tagger 1995) .
Next, we look in detail at the non-magnetic stress terms.
In a single fluid view, the Lagrangian variation of the specific pressure gradient contains two terms: one ∝ ∆ρ −1 and another one ∝ ∆∇p r + g . In terms of the displacement vector, the first term is proportional to the equilibrium value of ∇p r + g which is negligible in the semi-local treatment (∝ radial gradient). For the same reason, the Eulerian and Lagrangian variations of the pressure "force" are nearly identical. Note further that the variation of the mass density is also ignorable when the lone role of the material gas is to try to contain the photon component through Compton scattering (p gas ≪ p rad ). Loss of pressure support out of compressive modes then involves only the Lagrangian variation of the radiation pressure term, c.f. Eq [15] , which is entirely separate from the electromagnetic response to compression (c.f. the terms ∝ (∇ · ξ) in Eq [6] ).
When the focus is on the effects of radiative heat conduction, the "thermodynamic" pressure term is given by
where, for a heterogeneous fluid, Γ ≡ d [ln ρ] ln p represents a generalized adiabatic index (see, e.g., Chandrasekhar 1939 , Mihalas & Mihalas 1984 ).
Assembling f from Eqs [6 & 7] , Eqs [4] yield
For a gas with adiabatic index Γ = 1 this agrees with the matrix de-composition of Foglizzo & Tagger (1995) . These authors also made a key remark on the polarization of the slow MHD modes in the present setting: Due to the vertical stratification and rotation, the polarizations obey
Using this relation in the horizontal regime, i.e. k r /k z → 0, Eqs [8 & 9] generally demand that
where Θ ≡ p B /p r + g .
In this regime, with k z ξ z finite, the dispersion relation derived from Eq [8] and from the above condition readsω
where all frequencies are normalized to the local rotation rate,χ 2 ≡ 4(1 +Â) is the squared of the epicyclic frequency, andqB ≡ (k · v Alf )/Ω is a frequency related to the component of the wave vector along the field (in velocity units). This expression matches the form given by T. Foglizzo (1995) .
In terms of a function, Λ, of the generalized adiabatic index of the fluid,Γ(Θ), we find the fastest growing modes to be given bŷ
and where the expression in the curly brackets identifies with the negative root of the dispersion relation.
The compressibility of MRI modes is imprint on the deviations of Λ from unity
e.g., the degree of compression gets stronger with field strength and, naturally, with a softer equation of state.
A Quasi-Adiabatic Index
For a fluid composed of plasma plus radiation, ideal MHD dictates that matter remains frozen to field lines while the pressure associated with such material gas must track density perturbations on all scales. On the other hand, collisional coupling between the gas and the photons translates into a scale dependent containment of radiation pressure perturbations. In an unfavorable range of time and length scales, acoustic waves partially supported by the photon gas are damped out from the diffusive loss of pressure support. Such phenomenology can be quantitatively implemented by considering a mathematical equivalent to the equation of state for the combined fluid.
Assuming electron scattering to be isotropic 3 and elastic in the comoving frame, to first order in the fluid's motion, β, the frequency-integrated radiative transfer equation is found to bẽ ∂ t I(n) + n ·∇I(n) = (1 + 3β · n)J − 2β · H − (1 − n · β)I(n) (14) where a tilde means normalization to the mean free path, ℓ mfp , or to the mean crossing time, ℓ mfp /c, n is the direction of photon wave vectors, I ν (n) is the radiation intensity, and J and H are the first two directional moments of the intensity. Agol and Krolik (1998) computed the first three radiative moment equations from Eq [14] and, by assuming that multipoles of I(n) higher than quadrupole vanish, found an otherwise exact form for the mean intensity perturbation, δJ ∝ 1 ωk · δβ, in a background with J = I, H = ∅. Tacitly conforming with the premise of isotropy (see footnote [3] ), we take each of the perturbed diagonal components of the radiation field stress, K = (1/4π) dνdΩ nn I ν (n), to be identical and proportional to the perturbed radiation pressure. Thus δK ii = 1 3 δJ and, upon insertion of −δ ln V in lieu of 4 1 ωk · δβ, this yields the following relation for "quasi-adiabatic" perturbations of the photon fluid
This reflects a general, scale-dependent radiative diffusive damping of compressive waves.
Let us inspect the natural parameterization of this expression. When the gas pressure is negligible, this index is nearly adiabatic for wave perturbations only ifω,
, are expected to be small for the macroscopic scales of interest to the MRI. However, the ratiok 2 /ω is not small and has a non-trivial interpretation:
which identifies with the ratio of eddy photon diffusion rate to the MRI growth rate.
Eq [15] may be interpreted as a form of energy equation characterizing "heat conduction" out of compressive wave modes (Agol & Krolik 1998 If there is more parity between gas and radiation pressures, we obtain a generalized quasi-adiabatic index by writing δp rad p rad = − 4 3η
for the radiation field contribution and computing the entropy of quasi-adiabatic processes by using p dṼ as the work done by the photon gas. This, plus the approximate relation ∂ VṼ ≃η (forω,k 2 ∧k 2 /ω < 1), allows us to find (with β ≡ p rad /p gas )
for plane waves. It is straightforward to use the ℑ(Γ 1 ) to find the decay rate of acoustic waves partially supported by radiation (aside from photon viscosity). Naturally, the ℜ(Γ 1 ) agrees with the standard result (Chandrasekhar 1939 , Mihalas & Mihalas 1984 ). 3 The isotropy of the scattering interaction may be a questionable assumption; when the field becomes strong and organized, the radiation field could be expected to be intrinsically anisotropic (Araya-Góchez & Harding 2000). However, these issues are beyond the scope of this paper. 4 Note that this relation is insensitive to the imaginary character of the frequency, e.g., with such interpreted as the growth rate.
Impact on the MRI Scales
We first compute the radiation index to zeroth order (recallω ≃k 2 ∼ α c 2 H /c 2 ) by noting that, for wave phase ∝ i(k · x − ωt), the MRI growth rate corresponds mathematically to a purely imaginary frequency (i.e., instantaneously stationary at the co-rotation radius): ω MRI = +i|ω MRI |. Thus Γ −→ 4 3
Upon refinement of relation [16] , one has
which highlights the importance of Eqs [10 & 12] . For Keplerian rotation,q 2 B /|ω MRI | Θ→0 −→ 5/4 as in the case of a purely poloidal magnetic field (incompressible limit, Balbus & Hawley 1992) .
We estimate the ratio k ⊥ /k by using the polarization properties of the horizontal regime Eq [9] 
and by computing the corresponding Lagrangian displacement eigenvectors of fastest growth (which, incidentally, deviate from the perfect anticorrelation seen in the case of a poloidal field by a field strength dependent amount proportional to the compressibility of the mode, c.f. Eq [13] )
Collecting Eqs [12, 21 & 22] and re-arranging terms, one has
Lastly, summoning the last result in the limit of a weak field and Keplerian rotation, plus Eq [19] , the "effective" index works out toΓ Θ→0 −→ 1 2 (Keplerian rotation) for a disk with negligible gas pressure.
Concluding Remarks
The field-dependent "softness" of the gas-radiation fluid when the gas pressure is small indicates a growing impact of radiative damping on the MRI as the field gets stronger, c.f. Eq [10] . If the field grows towards equipartition with the radiation energy, the effective index at MRI scales will drop below the 1/2 value and the compressibility (and damping) of the MRI modes increases accordingly.
Since the MRI growth rate is roughly proportional to √ Λ,
the effect of a growing field translates into a diminished MRI growth rate as well. The largest but slower growing modes are less affected than the fastest growing modes since those are optically thicker.
An interesting point concerns the quenching of compressive MHD waves at linear MRI lengthscales. This is evidenced by noting that, for compressive waves solely supported by radiation (e.g., withk ≃ 1B ), Eqs [15 & 17] yield ℜ(Γ 1 ) ≃ − 1 3 ℑ(Γ 1 ) to zeroth order ink 2 ∧ω. Thus, the compressive component of any MHD wave mode at these scales is strongly damped and this has a direct impact on the properties of the turbulent cascade of energy. Indeed, since energy injection by the MRI couples to, both, Alfvenic and pseudo-Alfvenic modes, eliminating the latter channel in the cascade will change the general properties of the turbulence. The MRI in this setting does excite compressive wave modes but these are strongly damped. Thus, our results suggests that when radiation stress is not negligible, it's effect is to promote efficient and direct energy deposition into the photon bath. Indeed, entropy generation occurs on the correlation timescale of the instability.
In the non-linear regime, the anisotropy of the eddies may be rather more important than discussed here. In an ideal fluid, k z tends to be several times larger than k r . This means that (heat) conductive losses would mostly move vertically, which in turn means that the modes with high k z would be preferentially damped. The magnetude of k z is thus set by a marginal damping condition. One would then expect MRI eddies to be more nearly isotropic in such an environment, which also goes along with a modest reduction in the growth rate.
When the gas pressure is dynamically important, one must first estimate the modified optical depth of a disk partially supported by the gas pressure and estimate the corrections to Eqs [16 & 19] . Note that partial pressure support by the toroidal field does not modify Eq [16] as long as the disk's flare increase is inversely proportional to its density decrease, e.g., 1D expansion. However, since the properties of the fastest growing MRI modes are explicitly sensitive only to the effective index of the medium, the effect of the gas component is merely to harden such index to a more usual value.
The qualitative nature of our results were concurrently predicted by Blaes & Socrates (2001) whose general dispersion relation deserves praise. Our analytical solutions agree with their scalings, |ω MRI | ∼ c g /v Alf , in their limit k r = c r = 0 and c g → 0. Our work complements their findings and the non-linear numerical exploration of Turner et al. (2001) . Simplifying the mathematical complexity of the problem affords a relatively straightforward analytical solution which helps to clarify the physical picture. (R. Blandford, Priv. Comm.).
Lastly, we note that our results are directly applicable to standard α-disks but their generalization to advective or neutrino cooled disks is explicitly sensitive to the value thatk 2 /ω ∼ (c H c/v 2 Alf )τ −1 attains in a specific scenario. In highly optically thick media (e.g. Gamma-ray Burst black holes), the radiation and gas are efficiently coupled and no loss of radiation support occurs while in optically thin disks the effect of photon viscosity must be explicitly included.
